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Ordinary Differential Equations

Consider the Initial Value Problem

y(t) = F(t,y(t))
y(to) = o

for F: R x R? — R

For F continuous in t and Lipschitz-continuous in y the IVP has a
unique solution y.

We want to find this solution.
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Approach 1: Numerical Analysis

Given the IVP

y(t) = F(t,y(t))
y(to) = vy

for t € R approximate the solution y(t).
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Approach 1: Numerical Analysis

Given the IVP

y(t) = F(t,y(t))
y(to) = vy

for t € R approximate the solution y(t).

@ Usually there is no guarantee on how good the
approximation is.

@ The result might be useless
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Approach 2: Interval Arithmetic

Given the IVP

y(t) = F(t.y)
y(to) € [l

for t € R compute some interval [y(t)] containing the solution.
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Approach 2: Interval Arithmetic

Interval Arithmetic

Given the IVP [a] = [a=, a*], [b] = [b~, b]

[a]+[b] = [a~+b,at +bT]
[a]—[p] = [a~ —bT,at —b7]
for t € R comp [a] x [B] = [min(a~b,a b",a"b",a"b"),

max(a~b~,a b",aTh",a"b")]

J
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Approach 2: Interval Arithmetic

Given the IVP

y(t) = F(t.y)
y(to) € [l

for t € R compute some interval [y(t)] containing the solution.

Problem

@ The intervals might become very large.

@ The result might still be useless
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Approach 3: Computable Analysis

Given the IVP

y(t) = F(t,y(t))
y(t) = ¥

for t € R compute the solution y(t).
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Approach 3: Computable Analysis

Given the IVP

y(t) = F(t,y(1)
y(t) = ¥

for t € R compute the solution y(t).
Or compute the solution function y : R — RY.
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Approach 3: Computable Analysis

Given the IVP

y(t) = F(t,y(t))
y(t) = ¥

for t € R compute the solution y(t).
Or compute the solution function y : R — RY.

What does it mean to compute a real number
or function?
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Computable Reals

TTE: Computable Real Numbers

Computable Real Number

A real number is called computable if it can be approximated
up to any desired precision.
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Computable Reals

TTE: Computable Real Numbers

Computable Real Number

A real number is called computable if it can be approximated
up to any desired precision.

X d,, rational approximations

Idy — x| < 27",
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Real functions

TTE: Computable Real Functions

Computable Real Function

A function f : [0,1] — R is called computable if the values f(x)
can be approximated up to any desired precision.
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Real functions

TTE: Computable Real Functions

Computable Real Function

A function f : [0,1] — R is called computable if the values f(x)
can be approximated up to any desired precision.

.

o Computable functions are
continuous.

@ multidimensional functions

can be defined by having
f several input oracles and
several outputs.
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The iRRAM framework

The iRRAM Framework

@ iRRAM is a C++ framework for exact real arithmetic written by
Norbert Miiller (University of Trier).

@ REAL as data-type

@ Interval Arithmetic is combined with Multiple Precision
Arithmetic to get arbitrary small intervals.

@ The computation is iterated with higher starting precision
until the resulting interval is small enough

@ New real numbers and functions can be defined (limit
operator)



Complexity Results
®000

Analytic Functions

Some Results from Real Complexity Theory

For general polynomial time computable functions, many
important operators have been shown to be computationally hard.
For example

@ Polynomial time computable functions may have
noncomputable derivatives. (Ko 1983)

@ Parametric maximization is NP-hard. (Ko/Friedman (1982))
o Integration is #P-hard. (Friedman (1984))
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Analytic Functions

Complexity of Ordinary Differential Equations

Theorem (Kawamura, 2010)
Consider the IVP

y'(t)=f(t,y(t)) ; y(0)=0.

There exists functions f : [0,1] x [-1,1] — R and

y : [0,1] — [-1,1] as above such that
@ f is Lipschitz-continuous and polynomial time computable
@ y is PSPACE-hard.

10
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Analytic Function

An analytic function is a function locally given by a complex power
series.

Definition (Analytic Function)
f:D — C, DCC is analytic if for any xo € D the Taylor-series

o0

T(x):= Z an(x — xo)"

n=0

converges to f(x) for x in a neighborhood of xp.
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Analytic Functions

Analytic Fi (fomputable Sequence

An analy
series.

(am)men is computable if there is a machine that on
input 17, 1™ outputs a rational approximation d, m

With |dp.m — am| <277

1S diilalytic 1 1or dity X0 © L/ LT TdylOr=>scrics

T(x):= Z an(x — xo)"
n=0

converges to f(x) for x in a neighborhood of xp.
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Analytic Functions

Analytic Fi

Computable Sequence

An analy

(am)men is computable if there is a machine that on
series.

input 17, 1™ outputs a rational approximation d, m
with |dpm — am| <277

f . D — C D= TS diidiytiC 1T 101 dily A < L/ LIC 1dylOr=scrics

T(x):= Z an(x — xo)"
n=0

converges to f(x) for x in a neighborhood of xp.

Theorem (Pour-El, Richards, Ko, Friedman, Miiller (1987/1989))

f is (polytime) computable iff (am)men is.

From that polynomial time computability of the derivative and the

anti-derivative of a function follows immediately.
11
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Analytic Functions

Analytic Functions as Type

How to represent analytic functions?
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Analytic Functions

Analytic Functions as Type

How to represent analytic functions?

Theorem (Miiller (1995))

The evaluation operator ((am)men, x) — f(x) is not computable.
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Analytic Functions

Analytic Functions as Type

How to represent analytic functions?

Theorem (Miiller (1995))

The evaluation operator ((am)men, x) — f(x) is not computable.

Lemma

Let f : B(0,1) — R be analytic and (an)nen its power series
around 0.
Then there exist k, A € N such that

@ /2 is a lower bound on the radius of convergence
@ |a,| <A 2%

N,
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Analytic Functions

Analytic Functions as Type

How to represent analytic functions?

Theorem (Miiller (1995))

The evaluation operator ((am)men, x) — f(x) is not computable.

Lemma

Let f : B(0,1) — R be analytic and (an)nen its power series
around 0.
Then there exist k, A € N such that

@ /2 is a lower bound on the radius of convergence

@ |a,| <A 2%

.

Power series + A and k given = many operations (e.g. evaluation,
multiplication, differentiation) polynomial time computable

[Kawamura, Rosnick, Miiller, Ziegler (2013)]
12



Differential Equations
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IVP Solving

Single Step Methods

Given the IVP
y(t) = F(t.y(1))
y(to) = o
Compute a sequence ty < t; < --- < t, = T and values yp,..., Vs

such that y; = y(t;).
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y(t) = F(t.y(1))
y(to) = o
Compute a sequence ty < t; < --- < t, = T and values yp,..., Vs

such that y; = y(t;).

Example (Euler's method)

Choose some step size h and iterate

tn+]_ = tn+h
Yn+y1 = Yn+h'f(tn,Yn)
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such that y; = y(t;).

Example (Euler's method)

Choose some step size h and iterate

tn+]_ = tn+h
Yn+y1 = Yn+h'f(tn,Yn)

Error in one step approx. proportional to h?
= need exponentially in n many steps for precision 27".
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Differential Equations
®00

IVP Solving

Single Step Methods

Given the IVP
y(t) = F(t.y(1))
y(to) = o
Compute a sequence ty < t; < --- < t, = T and values yp,..., Vs

such that y; = y(t;).

Example (Euler's method)

Choose some step size h and iterate

tn+]_ = tn+h
Yn+y1 = Yn+h'f(tn,Yn)

Error in one step approx. proportional to h?
= need exponentially in n many steps for precision 27".

The same is true for any fixed order method (e.g. Runge-Kutta).
13



Differential Equations
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IVP Solving

Power Series Method

Given the IVP

yi(t) = Fi(t,y(t),...,ya(t))
yi(0) = 0

And M., r such that

e all F; are analytic on a ball B,(0) of radius r around 0

e M is such that |F;i(x)| < M for all x € B,(0)
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IVP Solving

Power Series Method

Given the IVP

yi(t) = Fi(t,y(t),...,ya(t))
yi(0) = 0

And M., r such that
@ all F; are analytic on a ball m of radius r around 0
o M is such that |Fi(x)| < M for all x € B,(0)

Then

@ The y; are again analytic on a ball of radius 7; and their
absolute value is bounded by r.

@ The coefficients of the power series can be computed in
polynomial time if the F, are polynomial time computable.

14



Differential Equations
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IVP Solving

Power Series Method

Given the IVP

yi(t) = Fi(t,y(t),...,ya(t))
yi(0) = 0

And M., r such that
@ all F; are analytic on a ball m of radius r around 0
o M is such that |Fi(x)| < M for all x € B,(0)

Then

@ The y; are again analytic on a ball of radius 7; and their
absolute value is bounded by r.

@ The coefficients of the power series can be computed in
polynomial time if the F, are polynomial time computable.

However: The complexity is exponential in the dimension d
14
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IVP Solving

Power Series Method

The method can be used to construct a single-step method:
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IVP Solving

Power Series Method

The method can be used to construct a single-step method:
Given the IVP

y(t) = F(t,y(t)
y(to) = ¥

Choose a sequence tp < -+ < t, =T sit. hj :=tip1 —t;i < ﬁ
To compute values y;, ...y, iterate for j =0...n—1
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IVP Solving

Power Series Method

The method can be used to construct a single-step method:
Given the IVP

y(t) = F(t,y(1))
y(to) = yo
Choose a sequence tp < -+ < t, =T sit. hj :=tip1 —t;i < ﬁ
To compute values y;, ...y, iterate for j =0...n—1
o Let F/(t,y):=F(t+tj,y+y)
o Let r' = r — max(tj, yj)
e Solve the IVP y/ = F'(t',y’); y'(0) =0
o ltisy(t)=y'(t—t)+y
o Thus let yj 11 =y; + y'(hi)
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Differential Equations
ooe

IVP Solving

Power Series Method

The method can be used to construct a single-step method:
Given the IVP

y(t) = F(t,y(1))
y(to) = o
Choose a sequence tg < --- < t, =T sit. hj:==tiy1 — t; < 3.
To compute values y;, ...y, iterate for j =0...n—1
o Let F/(t,y):=F(t+ti,y +Yj)
o Let r' = r — max(tj, yj)
e Solve the IVP y/ = F'(t',y’); y'(0) =0
o ltisy(t)=y'(t—t)+y
o Thus let yj 11 =y; + y'(hi)
The step size does not depend on the precision!
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IVP Solving

Power Series Method

The method can be used to construct a single-step method:
Given the IVP

y(t) = F(t,y(1))
y(to) = ¥
Choose a sequence tg < --- < t, =T sit. hj:==tiy1 — t; < 3.
To compute values y;, ...y, iterate for j =0...n—1
o Let F'(t,y):=F(t+t,y+y)
o Let r' = r — max(tj, yj)
e Solve the IVP y/ = F'(t',y’); y'(0) =0
o ltisy(t)=y'(t—t)+y
o Thus let yj 11 =y; + y'(hi)
The step size does not depend on the precision!
For small output precision or high dimension fixed order methods

might still be more efficient.
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Overview

Implementation

ANALYTIC<d>: C++ Class Template for d-dimensional real analytic
functions F : RY — R.
Representation: power series + real numbers r, M.
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Overview

Implementation

ANALYTIC<d>: C++
functions F : RY —
Representation: pow

Multidimensional Powerseries

PIPIBETE

ieN jeN
with b;

Computing b; —
analytic function.

= Z b,'X{

ieN

=) aid

jeN

evaluating an

Implementation
°

inalytic
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Implementation
°

Overview

Implementation

ANALYTIC<d>: C++ Class Template for d-dimensional real analytic
functions F : RY — R.
Representation: power series + real numbers r, M.

DAG Approach

Implemented e.g.
@ Arithmetic 4+, —, x, +
@ Partial differentiation

e Computing power
series around new point

@ Solving Initial Value
@ Problems

16
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Evaluation

Evaluation: Precision vs CPU time

35000 T T T T T T
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25000
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0 50 100 150 200 250 300 350

precision (27-n)
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Evaluation: Precision vs CPU time

Problem A2

Implementation
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precision (27-n)
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Evaluation: Precision vs CPU time
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Evaluation: Precision vs CPU time
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Evaluation: Precision vs CPU time
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Evaluation: Precision vs CPU time

Implementation
®00
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Evaluation: Precision vs CPU time
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Evaluation: Dimension vs CPU time
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Figure: Evaluating at T=1.0 with precision 272° 18
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Evaluation:

time (s)

Implementation
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Dimension vs CPU time
DETEST Problem C1 (modified)

r=100; M =200

100 |
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Figure: Evaluating at T=1.0 with precision 272° 18
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Evaluation: Dimension vs CPU time
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Evaluation: Dimension vs CPU time
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Figure: Evaluating at T=1.0 with precision 273° 1



Implementation
.

Conclusion

Future Work

Analyze complexity of algorithms in detail

Implement higher order Runge-Kutta method

Specialized functions for different types of ODEs
Multi-step Methods

Combination of different methods and automatic choice
depending on dimension /precision

°
°
@ Local parameters instead of M, r
°
°
°

e Extensions to Interval Arithmetic (Taylor models, Affine
arithmetic)

o Parallelization

Applications

20
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