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The iRRAM Framework

@ The computational model can be implemented

@ iRRAM is a C++ framework for exact real arithmetic written by
Norbert Miiller (University of Trier)

@ REAL as data type that can perform arithmetic operations on
REAL without introducing rounding errors

@ In the end, the user can output an approximation to the result
of the computation with any desired precision

e Many predefined functions already exist (sine,...)

@ New real numbers and functions can be defined (limit
operator)
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Data-types for functions

We want to implement a data-type for functions and perform
operations on this type.

For general polynomial time computable functions, many
important operators have been shown to be computationally hard.
For example

@ Polynomial time computable functions may have
noncomputable derivatives. (Ko 1983)

@ Parametric maximization is NP-hard. (Ko/Friedman (1982))
o Integration is #P-hard. (Friedman (1984))
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An analytic function is a function locally given by a complex power
series.

Definition (Analytic Function)

f: D — C, DCC is analytic if for any xg € D the Taylor-series

o0

T(x):= Z an(x — xo)"

n=0

converges to f(x) for x in a neighborhood of xp.
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Analytic Functions

Some non-uniform results

f(m)(Xo) > k
am = Tl f(X):,;)am(X_XO) for x € B(XO’R)

Theorem (Pour-El, Richards, Ko, Friedman, Miiller (1987,/1989))

f is (polytime) computable iff (am)men is.

From that polynomial time computability of the derivative and the
anti-derivative of a function follows immediately.
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Some non-uniform results

_f(m)(())
ooml

dm

f(x) = Z amx* for x € B(0, R)

m=0

Theorem (Miiller (1995))

@ The operator f — (am)men fs not computable.

@ The evaluation operator ((am)men, x) — f(x) is not
computable.
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A practical representation for power series

Lemma

Let f : B(0,1) — R be analytic and (an)nen its power series
around 0.
Then there exists an k, A € N such that

@ /2 is a lower bound on the radius of convergence
@ |a,| <A 2%
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A practical representation for power series

Lemma

Let f : B(0,1) — R be analytic and (an)nen its power series
around 0.
Then there exists an k, A € N such that

@ /2 is a lower bound on the radius of convergence
@ |a,| <A 2%

A and k can be used to make a tail estimate on

E anz"
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Analytic Functions and Computational Complexity

Theorem (Kawamura, Rosnick, Miiller, Ziegler (2013))

The following operators are computable in time polynomial in
n+ k + log(A), where 27" s the output precision.

@ evaluation
@ addition and multiplication
@ differentiation and anti-differentiation

© parametric maximization

12
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Ordinary Differential Equations

We are further interested in the following problem:
Consider Systems of Ordinary Differential Equations of the form

wi(t) = Fu(t,yi(t),...,ye(t))
wlwo) = yo

forv=1,...,d and F, : R9*1 5 R.

13
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Complexity of Ordinary Differential Equations

Theorem (Kawamura, 2010)
Consider the IVP

y'(t)=f(t,y(t)) ; y(0)=0.

There exists functions f : [0,1] x [-1,1] — R and
y : [0,1] — [-1,1] as above such that
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IVP Solving

Complexity of Ordinary Differential Equations

Theorem (Kawamura, 2010)
Consider the IVP

y'(t)=f(t,y(t)) ; y(0)=0.

There exists functions f : [0,1] x [-1,1] — R and

y : [0,1] — [-1,1] as above such that
@ f is Lipschitz-continuous and polynomial time computable
@ y is PSPACE-hard.
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Ordinary Differential Equations

We are further interested in the following problem:
Consider Systems of Ordinary Differential Equations of the form

w(t) = Fu(t,yi(t),...,y(t))
}/V(O) = 0

forv=1,...,d and F, : R9*1 5 R,
This is hard in the general case.
If all F, are analytic

@ the solutions y, will again be analytic

@ the coefficients of the power series can be computed in
polynomial time if the F, are polynomial time computable.
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IVP Solving

Multi-Dimensional Functions

Consider functions f : R? — R analytic in a neighborhood of
0 € CY. Their power series is given by

n ng
E Any,..ngX1 -+ Xy

ny,...,ng€N

The beforementioned representation can be generalized.
The main idea is let

f(Xl,...,Xd) = Zb, -X]I_
ieN
with
i i
b,' = Z aj,...iy 'X2’2...de
i2,...,id€N‘171
b; can be evaluated by evaluating a d — 1 dimensional analytic

function.
16
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Implementation Details

DAG approach

O

Such a DAG can be evaluated or transformed to an analytic
function.
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ANALYTIC<R,Args...>

per: pur_series_pEr

W ReAL

[+ANALYTIC{pwr :pwr_series_ptr.
riconst REALG,
M:const REALS]

[+DIVISTON(hs:node_ptr,
hs:node_ptr)
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POWERSERIES<n, T>
Cache: vector <POWERSERIES=n 1,75~
[FPoRERSERIES coetT_Tunction:TunctionaT(nts. .
[roperator [T (n:int): POWERSERIES<n-1,

Node<R,Args...>

[FevaTusteargs: const Argee.
[+0_analytic(): analytic ptr

CONTINUATION<R,Args... >

rclas
ANALYTIC<R,Args...> [ADDITION<R, Arg:

per: pur_series_pEr

[DERIVATIVE<R,Args.. -5 |

[+ADDTTION( s :node_ptr, [+DERTVATT
hs:node_ptr [

ptr, ~ConTUAT T,
orders:int...) new_M:const REALG,

W ReAL

[+ANALYTIC{pwr :pwr_series_ptr.
riconst REALG,
M:const REALS]

point:Args...)

[+DIVISTON(hs:node_ptr,
hs:node_ptr)
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Implementation

POWERSERIES<n, T> . Node <R, Args.
Cache: vectorPOWERSERTES 1,75
[+POWERSERIES (coeTT_function: function=T (ints...)
[roperator [T (n:int)T POWERSERTES<n-1,T>

[revaTustelargs: const Argee.
|+0_analytic(): analytic p

rgs:class

A
[ADDITION<R,Args:T5T"

A ‘o
ANALYTIC<R,Args..> CONTINUATION <R, Args;

[+ADDTTION{Uhs:node_ptr, [+DERT VAT TVE(node ode_ptr, [+ConTINDAT
rhs :node ptr) orders:int...)

>

o pur_series ptr T
v ode node_ptr,
= ew_H:const REALS
M = new_r:const REALG,
[FANALYTICTpur -pur_series pir . poinit:args...)

Miconst REALG]

8
A

[+AOCTIPLICATION Uhs tnode_ptr,
rhs:node_ptr)

[+COMPOSTTION Uhs =node_ptr_1d,
rhs:node_ptr’
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ODE solving

Additionally there is an operator solve_ivp for initial value
problems of the form

w(t) = F(ty(t),..., (1))
w() = O0forv=1,...,d

For initial values different from 0 first compute the power series
around another point.
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ODE solving

Additionally there is an operator solve_ivp for initial value
problems of the form

w(t) = F(ty(t),..., (1))
w() = O0forv=1,...,d

For initial values different from 0 first compute the power series

around another point.
The solution has parameters r' = min(r, ;) M' =r
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Implementation Details

Increasing the radius

Usually radius of the solution function will get very small
One can iteratively compute new initial values

Compute y; = y(t') for some small enough t’

Solve the ODE y(t) = F(t,y(t)); y(t') =n
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Implementation Details

Conclusion

@ Presented a data-type for multi dimensional analytic functions
@ Several operators implemented

@ Experiments show that from dimension 4 operations on the
power series become quite slow

@ Can also solve systems of ordinary differential equations with
the right hand side functions given by the type

@ Radius of solution will usually get small so that many steps
are needed

@ Specialized functions for different types of ODEs?

@ Parallelization

21
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